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TORSION POINTS OF DRINFELD MODULES OVER LARGE ALGEBRAIC
EXTENSIONS OF FINITELY GENERATED FUNCTION FIELDS
TAKUYA ASAYAMA
Abstract. Geyer and Jarden proved several results for torsion points of elliptic curves defined
over the fixed field by finitely many elements in the absolute Galois group of a finitely generated
field over the prime field in its algebraic closure. As an analogue of these results, this paper
studies torsion points of Drinfeld modules defined over the fixed field by finitely many elements
in the absolute Galois group of a finitely generated function field in its algebraic closure. We
prove some results which are similar to those of Geyer and Jarden.
1. Introduction
Geyer and Jarden [GJ1] considered torsion points of elliptic curves defined over some class of
infinitely generated fields over their prime fields and proved several results. They also conjectured
that the same results hold even when considering arbitrary abelian varieties rather than elliptic
curves. Our goal of this paper is to prove some results for Drinfeld modules analogous to the
conjecture of Geyer-Jarden.
LetK be a field. We fix an algebraic closure K˜ ofK, and denote byKsep the separable closure of
K in K˜. Let e be a positive integer. For every e-tuple σ = (σ1, σ2, . . . , σe) ∈ Gal(Ksep/K)e, write
K˜(σ) (resp. Ksep(σ)) for the fixed field in K˜ (resp. Ksep) by σ. (We extend each σi ∈ Gal(Ksep/K)
to K˜ uniquely.) We use the term almost all in the sense of the Haar measure defined on the profinite
group Gal(Ksep/K)e.
Frey and Jarden proved the following theorem for the rank of abelian varieties defined over
Ksep(σ).
Theorem 1.1 (Frey-Jarden [FyJ, Theorem 9.1]). Let K be a finitely generated infinite field over
its prime field. Then almost all σ ∈ Gal(Ksep/K)e have the following property: for any abelian
variety A of positive dimension defined over Ksep(σ) the group A(Ksep(σ)) of Ksep(σ)-rational
points of A has infinite rank.
The work of Geyer and Jarden [GJ1] is on the torsion subgroup of E(K˜(σ)), the group of K˜(σ)-
rational points of an elliptic curve E over K˜(σ). In contrast to the above theorem, some of their
results depend on whether e equals to one or not.
Theorem 1.2 (Geyer-Jarden [GJ1, Theorem 1.1]). Let K be a finitely generated field over its
prime field. Then for almost all σ ∈ Gal(Ksep/K)e and for every elliptic curve E defined over
K˜(σ) the following statements hold :
(a) If e = 1, then the group Etor(K˜(σ)) is infinite. Moreover, there exist infinitely many primes l
such that E(K˜(σ))[l] 6= 0.
(b) If e ≥ 2, then the group Etor(K˜(σ)) is finite.
(c) If e ≥ 1, then for every prime l the group E(K˜(σ))[l∞] =
⋃∞
i=1E(K˜(σ))[l
i] is finite.
Here E(K˜(σ))[n] is the group of n-torsion points in E(K˜(σ)).
The difference between the two cases e = 1 and e ≥ 2 can be explained to some extent by
the fundamental fact that the sum
∑
l l
−e, where l ranges over all primes, diverges for e = 1
and converges for e ≥ 2. Note that the measure of the set of σ ∈ Gal(Ksep/K)e such that
E(K˜(σ))[l] 6= 0 is approximated by l−e up to multiplication by some positive constant unless the
j-invariant of E is contained in a finite field.
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Theorem 1.2 is naturally generalized to the conjecture below as indicated in the same paper.
Conjecture 1.3 (Geyer-Jarden [GJ1, Conjecture]). Theorem 1.2 is still true even if one replaces
E by an arbitrary abelian variety A of positive dimension.
Jacobson and Jarden proved in [JJ1] that the conjecture is true if K is a finite field. In the
same paper, there is a proof of Part (a) of the conjecture for K with positive characteristic, but
the proof contains an error as indicated in [JJ2]. They showed in [JJ3] that Part (c) always holds
and that Part (b) holds if K has characteristic zero. The case of Part (a) for characteristic zero
appears in a paper of Geyer and Jarden [GJ2] and another one of Zywina [Zy]. Recently, Jarden
and Petersen [JP] completed the proof of the conjecture for this case. Parts (a) and (b) for K
which is infinite and has positive characteristic are still open.
We consider an analogue of Geyer-Jarden’s conjecture for Drinfeld modules. Denote by Fq the
finite field with order q. Let K be an algebraic function field in one variable over Fq. Fix a place
∞ of K, and let A be the ring consisting of the elements of K which are regular outside ∞. Let
L be a field containing Fq and fix an injective ring homomorphism ι : A→ L (i.e., we consider an
A-field with generic characteristic). Our main result is the following:
Theorem 1.4. Suppose that L is finitely generated over K. Then for almost all σ ∈ Gal(Lsep/L)e
and for every Drinfeld A-module ϕ defined over L˜(σ) with EndL˜ϕ = A the following statements
hold :
(a) Assume e = 1. The group ϕL˜(σ)tor is infinite. Moreover, there exist infinitely many non-zero
prime ideals P of A such that ϕL˜(σ)[P ] 6= 0.
(b) Assume e ≥ 2. The group ϕL˜(σ)tor is finite.
(c) The group ϕL˜(σ)[P
∞] =
⋃∞
n=1 ϕL˜(σ)[P
n] is finite for every non-zero prime ideal P of A.
Remarks 1.5. 1. It turns out that the difference between the two cases e = 1 and e ≥ 2 arises from
the fact that the sum
∑
P N(P )
−e, where P runs over all prime ideals of A and N(P ) = #(A/P ),
diverges for e = 1 and converges for e ≥ 2.
2. This analogue of Geyer-Jarden’s conjecture for Drinfeld modules can also be considered in the
case where ι is not injective (such a field is said to be an A-field having finite characteristic or
special characteristic). The problem in this case remains open.
The rest of this paper is organized as follows. In Section 2, we recall the Haar measure of a
profinite group. Section 3 is devoted to review of the definition of Drinfeld modules and their
known properties. In Section 4, we prove that in order to prove Theorem 1.4 it suffices to show
some statements on each Drinfeld module over L. Finally, in Section 5, we derive these statements
and complete the proof of the main theorem.
2. The Haar measure of a profinite group
In this section we recall the definition of the Haar measure of a profinite group and its funda-
mental properties used in the later sections, especially in the case where the profinite group arises
from a Galois extension.
Let G be a profinite group and B be its Borel algebra. A function µ : B → R is a (normalized)
Haar measure if µ is a probability measure and satisfies the following extra conditions:
(1) (translation invariance) If B ∈ B and g ∈ G, then µ(gB) = µ(Bg) = µ(B).
(2) (regularity) For B ∈ B and ε > 0 there exist an open set U and a closed set C in G such that
C ⊆ B ⊆ U and µ(U \ C) < ε.
It is known that a Haar measure is uniquely defined on every profinite group G (see [FrJ,
Proposition 18.2.1]). We write this measure by µ, or by µG if a reference to G is needed. We use
the same notation for its completion.
A family {Ai}i∈I of measurable sets of G is said to be µ-independent if µ(
⋂
i∈J Ai) =
∏
i∈J µ(Ai)
for every finite subset J ⊆ I.
If G and H are profinite groups, then the direct product G×H is also a profinite group. Thus
we can equip G ×H with the Haar measure µG×H . On the other hand, we can also consider the
product measure µG × µH of G × H , which satisfies (µG × µH)(A × B) = µG(A)µH(B) for all
measurable subsets A ⊆ G and B ⊆ H . It can be proved that µG×H and µG × µH coincide (after
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completion) [FrJ, Proposition 18.4.2]. Apply this result to Ge, the product of e copies of G. We
simply denote by µ or µG again the Haar measure µGe = µG × µG × · · · × µG (e times) of Ge.
Lemma 2.1 (Borel-Cantelli’s lemma, see [FrJ, Lemma 18.3.5]). Let {Ai}∞i=1 be a countable col-
lection of measurable subsets of a profinite group G. Define
A =
∞⋂
n=1
∞⋃
i=n
Ai = {g ∈ G | g ∈ Ai for infinitely many i’s}.
Then we have the following:
(1) If
∑∞
i=1 µ(Ai) <∞, then µ(A) = 0.
(2) If {Ai}∞i=1 is µ-independent and
∑∞
i=1 µ(Ai) =∞, then µ(A) = 1.
Let K be a field andM be a Galois extension of K. We equip the Galois group Gal(M/K) with
a structure of profinite group arising from the Krull topology. The Krull topology is induced by
the isomorphism Gal(M/K) → lim
←−N∈N
Gal(N/K) given by σ 7→ (σ|N )N∈N , where N is the set
of all finite Galois extensions of K in M . We give each Gal(N/K), N ∈ N the discrete topology,
and each map Gal(N ′/K)→ Gal(N/K), N,N ′ ∈ N , N ⊆ N ′ is just a restriction. It is compact,
Hausdorff, and the family {Gal(M/N) | N ∈ N} is a basis for the open neighborhoods of the
identity in Gal(M/K).
A family {Mi}i∈I of finite Galois extensions of K is said to be linearly disjoint over K if
[MJ : K] =
∏
i∈J [Mi : K] for every finite subset J ⊆ I, where MJ is the composition of Mi, i ∈ J .
Note that a family {Mi}i∈I of finite Galois extensions of K is linearly disjoint over K if and only
if {Gal(Ksep/Mi)}i∈I is µ-independent in Gal(Ksep/K) (see [FrJ, Lemma 18.5.1]).
3. Drinfeld modules
The aim of this section is to recall the definition of Drinfeld modules.
Let K be an algebraic function field in one variable over Fq. We fix a place ∞ of K. Denote
by A the ring of functions in K which are regular outside ∞. An A-field is a field L which is
equipped with a homomorphism of Fq-algebras ι : A → L. Throughout this paper, we consider
only A-fields with ι injective. Such an A-field is said to have generic characteristic. For an A-field
L with generic characteristic we can identify A with the image of ι. Thus it allows us to consider
L as an extension of K.
Let L{τ} be a twisted polynomial ring over L generated by the q-th power Frobenius morphism
τ , with the relation τa = aqτ for all a ∈ L. Let D : L{τ} → L be the morphism which takes a
twisted polynomial to its constant term.
Definition 3.1. A Drinfeld A-module over L is a ring homomorphism of Fq-algebras ϕ : A→ L{τ}
such that D ◦ ϕ = ι and there is a ∈ A with ϕa 6= ι(a). If A and ι are fixed, then we denote by
DrinAL the set of all Drinfeld A-modules over L.
Let L′ be a field extension of L. Each Drinfeld A-module ϕ over L defines a structure of an
A-module in L′ by
au = ϕa(u), a ∈ A, u ∈ L
′.
Here f(x) =
∑
i aix
qi for f =
∑
i aiτ
i ∈ L{τ} and x ∈ L′. We use the notation ϕL′ when we
regard L′ as an A-module induced by ϕ in the above way.
For any a ∈ A, a 6= 0, define the a-torsion submodule ϕL′[a] of ϕL′ by
ϕL
′[a] = {u ∈ L′ | ϕa(u) = 0}.
Let I be a non-zero ideal of A. Then the I-torsion submodule ϕL
′[I] of ϕL
′ is defined by ϕL
′[I] =⋂
06=a∈I ϕL
′[a]. We immediately find that if I = (a) is a principal ideal, then ϕL
′[I] = ϕL
′[a]. The
I-power torsion submodule ϕL
′[I∞] is said to be ϕL
′[I∞] =
⋃∞
n=1 ϕL
′[In]. Finally, the torsion
submodule ϕL
′
tor is defined by ϕL
′
tor =
⋃
06=a∈A ϕL
′[a] =
⋃
06=I⊆A ϕL
′[I]. That is, ϕL
′
tor consists of
all u ∈ ϕL′ such that there is a ∈ A, a 6= 0 with ϕa(u) = 0.
We can show that for every Drinfeld A-module ϕ over L there exists a positive integer r satisfying
degτ ϕa = r deg a for each a ∈ A. This integer r is said to be the rank of ϕ.
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Theorem 3.2 (see [Ro, Theorem 13.1 and its Corollary]). Let ϕ be a Drinfeld A-module over L
with rank r and n be a positive integer. Then for any non-zero prime ideal P of A, we have
ϕL˜[P
n] ∼= (A/Pn)r.
More generally, for any non-zero ideal I of A, we have
ϕL˜[I] ∼= (A/I)
r.
The next result is an analogue of the Mordell-Weil theorem. Poonen proved for the case where
L is a finite extension over K, and Wang extended this theorem to an arbitrary finitely generated
extension L over K.
Theorem 3.3 (Poonen [Po, Theorem 1], Wang [Wa, Theorem 1]). Let L be a finitely generated
extension over K and ϕ be a Drinfeld A-module over L. Then the group ϕL is the direct sum of a
finite torsion submodule ϕLtor and a free A-module of rank ℵ0.
We recall the notions of a morphism of Drinfeld modules and the ring of endomorphisms of a
Drinfeld module.
Definition 3.4. Let ϕ, ψ be Drinfeld A-modules over L, and L′ be a field extension of L. A
morphism from ϕ to ψ over L′ is a twisted polynomial f ∈ L′{τ} satisfying fϕa = ψaf for all
a ∈ A. A morphism from ϕ to itself is called an endomorphism of ϕ. Denote by EndL′ϕ the set of
all endomorphisms of ϕ over L′.
Obviously, EndL′ϕ forms a subring of L
′{τ}. For any a ∈ A the constant polynomial a = aτ0
is clearly an endomorphism of ϕ. Therefore EndL′ϕ always contains A. However, not all of
ϕ ∈ DrinAL have A as their endomorphism rings. We set Drin
0
AL to be the set of ϕ ∈ DrinAL
such that EndL˜ϕ = A.
For any non-zero prime ideal P of A the P -adic Tate module TP (ϕ) of ϕ is defined by
TP (ϕ) = lim←− ϕ
L˜[Pn].
From Theorem 3.2, if ϕ has rank r, then TP (ϕ) is a free AP -module of rank r, where AP is the
completion of A at P .
4. Reduction steps
This section is devoted to interchange the order of quantifiers to restate the main theorem in
terms of Drinfeld A-modules defined over L rather than the measure of Gal(Lsep/L)e.
Proposition 4.1. Consider the following statements on an A-field M .
(A) Fix a Drinfeld A-module ϕ defined over M with EndM˜ϕ = A. Then for almost all σ ∈
Gal(M sep/M) there exist infinitely many non-zero prime ideals P of A such that ϕM˜(σ)[P ] 6=
0.
(B) Assume ϕ is as (A) and e ≥ 2. Then for almost all σ ∈ Gal(M sep/M)e there are only finitely
many prime ideals P of A such that ϕM˜(σ)[P ] 6= 0.
(C) Assume ϕ is as (A) and fix a non-zero prime ideal P of A. Then for almost all σ ∈
Gal(M sep/M) the group ϕM˜(σ)[P
∞] is finite.
Suppose that (A) holds for all finite extensions M over an A-field L. Then (a) of Theorem 1.4
holds for L. Similarly, (B) implies (b), and (C) implies (c), respectively.
Proof. Suppose that (A) holds for all finite extensions M/L. Let S be the set of σ ∈ Gal(Lsep/L)
which does not satisfy (a). We need to show µL(S) = 0. For ϕ ∈ Drin
0
AL˜ there is a finite extension
L′/L such that ϕ is already defined over L′. Let Lϕ be the intersection of all of such L
′. Then
ϕ ∈ Drin0ALϕ. Consider the compositum of the restriction and the inclusion
ρ : Gal(Lsepϕ /Lϕ)→ Gal(L
sep/(Lϕ ∩ L
sep)) →֒ Gal(Lsep/L).
Since the restriction map is isomorphic and preserves the measure, for every measurable set T in
Gal(Lsepϕ /Lϕ) it holds that µL(ρ(T )) = µLϕ(T )/[Lϕ : L]s. Further, let
S′ϕ = {σ
′ ∈ Gal(Lsepϕ /Lϕ) | ϕL˜(σ
′)tor is finite}
and Sϕ = ρ(S
′
ϕ).
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Take σ ∈ S. There exists ϕ ∈ Drin0AL˜(σ) such that ϕL˜(σ)tor is finite. Let σ
′ ∈ Gal(Lsepϕ /Lϕ)
be the unique extension of σ to Lsepϕ . Then σ
′ ∈ S′ϕ, so that we have σ ∈ Sϕ. Therefore it follows
that S ⊆
⋃
ϕ Sϕ, where ϕ runs over Drin
0
AL˜. Since µLϕ(S
′
ϕ) = 0 by (A), we have µL(Sϕ) = 0 for
each ϕ ∈ Drin0AL˜. The set Drin
0
AL˜ is denumerable, hence µL(S) = 0, as desired.
We can prove (B) ⇒ (b) in the same way as above.
(C) ⇒ (c) is also similar, but it requires more arguments. For each P , let SP be the set of
σ ∈ Gal(Lsep/L) for which there is ϕ ∈ Drin0AL˜(σ) with ϕL˜(σ)[P
∞] infinite. The similar arguments
to the above ones show µL(SP ) = 0 for each P . Denote by S
(e) the set of σ ∈ Gal(Lsep/L)e which
does not satisfy (c). Then S(e) ⊆
(
S(1)
)e
, since L˜(σ) ⊆ L˜(σi) for 1 ≤ i ≤ e. Taking into account
S(1) =
⋃
P SP , we have µL
(
S(1)
)
= 0, hence µL
(
S(e)
)
= 0. This implies (c). 
In order to prove the statements in Proposition 4.1, further reduction is convenient. Let us
introduce some notations. Let ϕ be a Drinfeld A-module over L. Define
LI = L(ϕL˜[I]), GI = Gal(LI/L)
for every non-zero ideal I of A. Similarly, put
LI∞ = L(ϕL˜[I
∞]), GI∞ = Gal(LI∞/L).
Let G be an arbitrary group and Z be an abelian group. Suppose that G operates on Z. If
G and Z have topologies, then we also suppose that the operation of G is continuous. For given
G, Z, and a positive integer e, denote by Se(G,Z) the set of g = (g1, g2, . . . , ge) ∈ Ge such that
there is non-zero z ∈ Z satisfying giz = z for all i. In particular, we write S(G,Z) = S1(G,Z),
that is, S(G,Z) is the set of g ∈ G such that there is non-zero z ∈ Z with gz = z. It is clear that
Se(G,Z) ⊆ S(G,Z)e. We deal with the following situations:
(1) G = Gal(L′/L) and Z = ϕL˜[I]. Here L
′ is a Galois extension of L containing LI , especially
LI itself or L
sep. Each element of G operates on ϕL˜[I] since it is determined by polynomials
with coefficients in L.
(2) G = Gal(L′/L) and Z = ϕL˜[I
∞], where L′ is a Galois extension of L containing LI∞ , especially
LI∞ itself or L
sep. For the same reason as above, G operates on ϕL˜[I
∞].
(3) G = GL(n,R) and Z = Rn. Here n is a positive integer, R a commutative ring with 1 and
GL(n,R) operates on Rn in the usual sense. Notice that a matrix g ∈ GL(n,R) belongs in
S(GL(n,R), Rn) if and only if 1 is an eigenvalue of g.
Proposition 4.2. Consider the following statements on an A-field L and on ϕ ∈ Drin0AL.
(A’) There exists an infinite set Λ of non-zero prime ideals of A which satisfies the following:
(A’1)
∑
P∈Λ
#S(GP , ϕL˜[P ])/
#GP =∞.
(A’2) For every distinct P1, P2, . . . , Pt ∈ Λ,
#SI
#GI
=
t∏
j=1
#S(GPj , ϕL˜[Pj ])
#GPj
,
where I =
∏t
j=1 Pj , and
SI =
{
σ ∈ GI
∣∣∣ σ|LPj ∈ S(GPj , ϕL˜[Pj ]) for 1 ≤ j ≤ t
}
.
(B’) There exists a positive constant c such that
#S(GP , ϕL˜[P ])
#GP
≤
c
N(P )
for every non-zero prime ideal P of A. Here N(P ) = #(A/P ).
(C’) For every non-zero prime ideal P of A the set S(GP∞ , TP (ϕ)) is a zero set in GP∞ .
Then (A’) implies (A) of Proposition 4.1 with M replaced by L. Similarly, (B’) implies (B), and
(C’) implies (C), respectively.
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Proof. (A’)⇒ (A): The lifting of S(GP , ϕL˜[P ]) to Gal(Lsep/L) with respect to the restriction map
Gal(Lsep/L)→ GP coincides with S(Gal(Lsep/L), ϕL˜[P ]). Then we have
(1) µ
(
S(Gal(Lsep/L), ϕL˜[P ])
)
=
#S(GP , ϕL˜[P ])
#GP
for P ∈ Λ. From (A’1), it follows that
∑
P∈Λ µ(S(Gal(L
sep/L), ϕL˜[P ])) =∞.
Now take distinct P1, P2, . . . , Pt ∈ Λ. The lifting of SI to Gal(Lsep/L) is the intersection of
S(Gal(Lsep/L), ϕL˜[Pj ]), 1 ≤ j ≤ t. Thus we have
µ

 t⋂
j=1
S(Gal(Lsep/L), ϕL˜[Pj ])

 = #SI
#GI
=
t∏
j=1
#S(GPj , ϕL˜[Pj ])
#GPj
by (A’2)
=
t∏
j=1
µ
(
S(Gal(Lsep/L), ϕL˜[Pj ])
)
by (1).
This implies the µ-independence of {S(Gal(Lsep/L), ϕL˜[P ])}P∈Λ. Therefore, by Borel-Cantelli’s
lemma, the set
S = {σ ∈ Gal(Lsep/L) | σ ∈ S(Gal(Lsep/L), ϕL˜[P ]) for infinitely many P ’s}
has measure one in Gal(Lsep/L). For every σ ∈ S there are infinitely many prime ideals P of A
such that ϕL˜(σ)[P ] 6= 0.
(B’) ⇒ (B): From (1) and (B’), we obtain
µ
(
S(Gal(Lsep/L), ϕL˜[P ])
)
≤
c
N(P )
for each non-zero prime ideal P of A. Therefore
µ
(
Se(Gal(L
sep/L), ϕL˜[P ])
)
≤ µ
(
S(Gal(Lsep/L), ϕL˜[P ])
)e
≤
(
c
N(P )
)e
.
Since e ≥ 2, the sum
∑
P µ(Se(Gal(L
sep/L), ϕL˜[P ])) converges. Applying Borel-Cantelli’s lemma,
for almost all σ ∈ Gal(Lsep/L)e there are only finitely many prime ideals P such that σ ∈
Se(Gal(L
sep/L), ϕL˜[P ]). This implies that ϕL˜(σ)tor is finite.
(C’) ⇒ (C): It suffices to show that if σ ∈ Gal(Lsep/L) and the group ϕL˜(σ)[P∞] is infinite,
then σ|LP∞ ∈ S(GP∞ , TP (ϕ)). Since the class number h of A is finite, there is b ∈ A such that
P h = (b). Then
TP (ϕ) = lim←− ϕ
L˜[Pn] ∼= lim←− ϕ
L˜[bm].
Because each ϕL˜(σ)[b
m] is finite but the union
⋃∞
m=1 ϕL˜(σ)[b
m] is infinite, there are infinitely many
m’s such that
ϕL˜(σ)[b
m]∗ = ϕL˜(σ)[b
m] \ ϕL˜(σ)[b
m−1]
is not empty. If x ∈ ϕL˜(σ)[b
m]∗, then ϕb(x) ∈ ϕL˜(σ)[b
m−1]∗. Namely, ϕb maps ϕL˜(σ)[b
m]∗
into ϕL˜(σ)[b
m−1]∗. In particular, ϕL˜(σ)[b
m]∗ is not empty for all m, hence it follows from [FrJ,
Corollary 1.1.4] that lim
←− ϕ
L˜(σ)[bm]∗ is also not empty. Each point of this inverse limit yields a
non-zero point in TP (ϕ) which is fixed by σ. Therefore we obtain σ|LP∞ ∈ S(GP∞ , TP (ϕ)), as
desired. 
5. Proof of the main theorem
In this section we show (A’)–(C’) of Proposition 4.2 and complete the proof of the main theorem.
The proofs of Parts (A’) and (B’) are carried out in parallel. By using the theorem of Pink and
Ru¨tsche about the representation on Drinfeld modules, it turns out that Parts (A’) and (B’) follow
by estimating the density of matrices in GL(r,Fq) which fix a non-zero element in F
r
q.
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Lemma 5.1. Let r be a positive integer. There exist positive constants c1, c2 such that
c1q
r2−1 ≤ #S(GL(r,Fq),F
r
q) ≤ c2q
r2−1
for all prime powers q. Hence we have
c′1
q
≤
#S(GL(r,Fq),F
r
q)
#GL(r,Fq)
≤
c′2
q
for some constants c′1, c
′
2 > 0.
Proof. The second assertion follows from the first one and the well-known fact that #GL(r,Fq) =
(qr − 1)(qr − q) · · · (qr − qr−1). Thus it is sufficient to prove the existence of c1 and c2.
Set G = GL(r,Fq), V = F
r
q. If r = 1, then we see S(G, V ) = {1}, so that we take c1 = c2 = 1.
Assume r ≥ 2. Let 1 ≤ j ≤ r. There are (qr − 1)(qr − q) · · · (qr − qj−1) linearly independent
(ordered) j-tuples of V , and each of them generates a j-dimensional subspace of V . Since there
are (qj − 1)(qj − q) · · · (qj − qj−1) (ordered) bases of every j-dimensional subspace, the number of
j-dimensional subspaces of V is
tj =
(qr − 1)(qr − q) · · · (qr − qj−1)
(qj − 1)(qj − q) · · · (qj − qj−1)
.
List all the subspaces of dimension j, say W
(j)
1 ,W
(j)
2 , . . . ,W
(j)
tj . Further, let
S
(j)
i =
{
g ∈ G
∣∣∣ ga = a for all a ∈ W (j)i }
for 1 ≤ j ≤ r, 1 ≤ i ≤ tj , and set
Bj =
{
g ∈ G
∣∣ dimFq V g = j} , bj = #Bj ,
where V g = {a ∈ V | ga = a}.
For each 1 ≤ j ≤ r, 1 ≤ i ≤ tj , we have
#S
(j)
i = (q
r − qj)(qr − qj+1) · · · (qr − qr−1).
Now we claim
r⋃
h=j
Bh =
tj⋃
i=1
S
(j)
i
for 1 ≤ j ≤ r. Indeed, both hands of the equality coincide with the set of all g ∈ G such that
dimFq V
g ≥ j. Thus it follows that
bj =
#Bj ≤
#( r⋃
h=j
Bh
)
=
#( tj⋃
i=1
S
(j)
i
)
≤
tj∑
i=1
#S
(j)
i
=
(qr − 1)(qr − q) · · · (qr − qj−1)
(qj − 1)(qj − q) · · · (qj − qj−1)
(qr − qj)(qr − qj+1) · · · (qr − qr−1)
≤ αjq
r2−j2 .
Here αj is some positive constant depending only on r and j, not on q. Since S(G, V ) =
⋃r
h=1Bh,
substituting j = 1 shows that we can take c2 = α1.
For 1 ≤ j ≤ r and g ∈ Bj there are (qj − 1)/(q − 1) subspaces of dimension one in V g. Thus
there are (qj − 1)/(q − 1) i’s such that g ∈ S
(1)
i . Note that {Bj}
r
j=1 gives a partition of S(G, V ).
Then we find
t1∑
i=1
#S
(1)
i =
r∑
j=1
qj − 1
q − 1
bj
=
r∑
j=1
bj +
r∑
j=2
(
qj − 1
q − 1
− 1
)
bj
= #S(G, V ) +
r∑
j=2
(
qj − 1
q − 1
− 1
)
bj.
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Using q ≥ 2, we see (qj − 1)/(q − 1)− 1 ≤ 2qj−1 for 2 ≤ j ≤ r. Hence we estimate
r∑
j=2
(
qj − 1
q − 1
− 1
)
bj ≤
r∑
j=2
2qj−1 · αjq
r2−j2 ≤ αqr
2−3
for some constant α > 0. Therefore
#S(G, V ) =
t1∑
i=1
#S
(1)
i −
r∑
j=2
(
qj − 1
q − 1
− 1
)
bj
≥
(qr − 1)(qr − q) · · · (qr − qr−1)
q − 1
− αqr
2−3,
which says the existence of c1. 
Proposition 5.2. Let L be a finitely generated extension of K. Then (A’) and (B’) of Proposition
4.2 hold for every ϕ ∈ Drin0AL.
Proof. Consider an embedding
ρI : GI = Gal(L(ϕL˜[I])/L) →֒ GLA/I(ϕL˜[I]) ∼= GL(r, A/I)
for each non-zero ideal I of A. Here r is the rank of ϕ and the isomorphism GLA/I(ϕL˜[I]) ∼=
GL(r, A/I) is defined under a fixed basis of ϕL˜[I] over A/I. By the theorem of Pink and Ru¨tsche
[PR, Theorem 0.1], there exists an ideal C of A such that ρI is surjective for all I prime to C.
Let Λ be the set of all non-zero prime ideals prime to C. Then all but finitely many prime ideals
belong to Λ. For P ∈ Λ, we know
#S(GP , ϕL˜[P ])
#GP
=
#S(GL(r, A/P ), (A/P )r)
#GL(r, A/P )
.
By the above lemma, there exist c1, c2 > 0 such that
c1
N(P )
≤
#S(GP , ϕL˜[P ])
#GP
≤
c2
N(P )
for all P ∈ Λ. This proves (A’1) and (B’) of Proposition 4.2 because
∑
P 1/N(P ), where P ranges
over all non-zero prime ideals of A, diverges.
To prove (A’2), it is sufficient to show that if I and J are ideals of A such that I, J , C are
pairwise relatively prime, then LI and LJ are linearly disjoint over L. Indeed, we have
LIJ = LILJ , GL(r, A/IJ) ∼= GL(r, A/I)×GL(r, A/J).
Therefore
[LILJ : L] = [LIJ : L] =
#GIJ =
#GL(r, A/IJ)
= #GL(r, A/I)#GL(r, A/J) = #GI
#GJ = [LI : L][LJ : L].
This implies the linearly disjointness of LI and LJ , as desired. 
Now we can complete the proof of Parts (a) and (b) in the main theorem. Let L be a finitely
generated extension of K. Proposition 4.1 says that (A) for all finitely generated extensions L/K
implies (a). From Proposition 4.2 in order to derive (A) it is sufficient to show (A’) for every
ϕ ∈ Drin0AL, but this is a result of the above proposition. By the same arguments, we have (b) in
Theorem 1.4.
Next, we prove Part (c) in the main theorem. The above discussion for Parts (a) and (b) can
also apply to this part. Therefore what we need to work out is to show (C’) of Proposition 4.2 for
every finitely generated extension L/K and for every ϕ ∈ Drin0AL.
Lemma 5.3. Let P be a non-zero prime ideal of A and r be a positive integer. Then S(GL(r, AP ), A
r
P )
is a zero set in GL(r, AP ).
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Proof. Put S = S(GL(r, AP ), A
r
P ), G = GL(r, AP ), respectively. S consists of all matrices in G
having 1 as an eigenvalue. In particular, S is closed in G. For any u ∈ A×P , uS consists of all
matrices in G having u as an eigenvalue. Choose u ∈ A×P with infinite order. We claim that if t is
a positive integer and i1, i2, . . . , it are distinct non-negative integers, then u
i1S ∩ ui2S ∩ · · · ∩ uitS
is a zero set in G. The lemma is the special case where t = 1 and i1 = 0.
Indeed, if t ≥ r+1 and i1, i2, . . . , it are distinct non-negative integers, then ui1S∩ui2S∩· · ·∩uitS
consists of matrices which have ui1 , ui2 , . . . , uit as eigenvalues. However, every matrix in G has at
most r eigenvalues, which implies that ui1S ∩ ui2S ∩ · · · ∩ uitS is empty. In particular, it is a zero
set.
Now assume that the claim holds for all integers greater than t. We show the claim for t. Let
i1, i2, . . . , it be distinct non-negative integers. Put D = u
i1S ∩ ui2S ∩ · · · ∩ uitS. Consider the
translation umD for each non-negative integer m. If m 6= m′, then the intersection umD∩um
′
D is
the intersection of at least t+1 sets of uiS’s. By the assumption of induction, µG(u
mD∩um
′
D) = 0.
Therefore for each positive integer N we obtain
µG(D) =
1
N
N−1∑
m=0
µG(u
mD) =
1
N
µG
(
N−1⋃
m=0
umD
)
≤
1
N
.
Taking N →∞, we have µG(D) = 0. 
Proposition 5.4. Assume that L is finitely generated over K. Then (C’) of Proposition 4.2 holds
for every ϕ ∈ Drin0AL.
Proof. Let ϕ ∈ Drin0AL and P be a non-zero prime ideal of A. Consider an embedding
ρP∞ : GP∞ = Gal(L(ϕL˜[P
∞])/L) →֒ GLAP (TP (ϕ))
∼= GL(r, AP ).
Here r is the rank of ϕ and the isomorphism GLAP (TP (ϕ))
∼= GL(r, AP ) is defined under a fixed
basis of TP (ϕ) overAP . Denote byG(ϕ, P ) the image of ρP∞ . Then ρP∞ maps S(GP∞ , TP (ϕ)) into
S(G(ϕ, P ), ArP ) ⊆ S(GL(r, AP ), A
r
P ). The result of Pink [Pi, Theorem 0.1] asserts that G(ϕ, P )
has finite index in GL(r, AP ). Hence it suffices to show that the measure of S(GL(r, AP ), A
r
P ) is
zero in GL(r, AP ), but this is already proved in the above lemma. 
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